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Abstract: 

The paper considers a two-sector economy with a constant population: The public sector, 

with stable productivity, and a private sector, with productivity growth. Baumol’s law says 

that such an economy has no steady state. It is demonstrated what this means. Two attempts 

to uphold a policy that fixes a key ratio are discussed: One policy fixes the tax share - this 

causes the share of the real public sector to vanish. The other policy fixes the share of real 

public production - this causes the tax pressure to keep rising. 
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1. Introduction 

Baumol’s law says that a two-sector economy with a permanent difference in productivity 

growth has no steady state.2 That is, a Baumol-problem will always emerge. The way it 

emerges depends on the policy pursued – the paper looks at two policies. Section 2 presents a 

simple two sector model with a public sector and a private sector, which has faster produc-

tivity growth. To study the resulting problems the model is made so that it would be in a 

perfect steady state, without the difference in productivity growth. 

To rule out other problems the analysis makes five assumptions: (a1) The population ( )N L+  

is constant, and so is the working population ( )L and the pensioners ( ).N  Thus, the transfer 

burden /n N L=  is constant. (a2) The country has a fine tax system, whith no effects on 

incentives before the tax pressure hits some limit. It is shown as 65% on Figure 2. What 

happens, when it is exceeded, is not analysed. (a3) The budget and (a4) the foreign balances 

are both zero: There is no debt, and the rest of the world can be disregarded. (a5) The share of 

investment is constant, proportionally allocated to the sectors, and productivity rises are 

Harrod neutral. Thus capital can be disregard. 

Sections 2-4 define this economy and go through the productivity and inflation dynamics. It 

is not difficult, but a bit cumbersome. Parts of the analysis are done assuming that wages 

grow at a constant rate. In the graphical illustrations this rate is set at 2% p.a. 

The government has made a promise that the status quo is preserved, i.e., it promises to tie 

the economy to a path that is near to a steady state. The promise is made explicit by either of 

two policies: (1) The tax share will be constant. (2) The welfare state will be preserved. How 

the Baumol-problem appears under the two policies is discussed in sections 5 and 6. Section 

7 discusses the share of transfers, which has been assumed constant till then. The conclusion 

in section 8 looks at the political economy of an economy having the Baumol problem, and, 

very briefly, at of the consequences of relaxing some of the assumptions. 

  

                                                            
2. Paldam (2007) is an earlier version of this paper. See also Paldam and Zeuthen (1988) for long-run compari-
sons of shares of the public Danish public sector in fixed and current prices, demonstrating that the Baumol 
effects are substantial in the longer run. The non-existence of a steady state for a two sector economy with 
different productivity growth rates is a general result. In the classical two sector model of development the 
traditional sector has low productivity growth and the modern sector has high productivity growth. Develop-
ment causes the modern sector to absorb the traditional sector, till it is gone.   
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2. The basic Baumol world 

A basic two-sector model with the desired properties is given in Table 1. Public sector 

productivity is set at 1, the numeraire of the model.3 The private sector productivity grows as 

an index wt (where w0 = 1), which gives the wage rises, throughout the economy, as well. As 

wages and productivity in the private sector are the same, it generates no inflation. However, 

the public sector has the same wage rises and no productivity rises; the difference is the 

inflation of the model.4 

As the public budget is balanced, taxes are the sum of transfers and public production, tτ =

,otxλ + which is equation (8). Till section 7 the share of transfers tλ λ=  is assumed constant. 

The x-curve and the y-curve on the graphs are the shares of the current and real share of the 

public sector, respectively. The two policies discussed in sections 6 and 7 are shown to imply 

fixing either the x- or the y-curve to be horizontal. 

 

Table. Basic bookkeeping relations.  

  (a) (b) (c) 
 Subscript for time, t Public sector Private sector In total 
 Subscript for sector o p none 

(1) Labor in sectors otL  ptL  ot ptL L L+ =  

(2) Sector share of labor /ot otl L L=  /pt ptl L L=  1ot ptl l+ =  

(3) Productivity /ot otY L = 1 /pt pt tY L w=  /t ot pt t tY L l l w z= + =  

(4) Real GDP  ot otY L=  pt t ptY w L=  t ot pt tY Y Y z L= + =  

(5) Real share of sectors  y-curve: /ot ot ty Y Y=  /pt pt ty Y Y=  1ot pty y+ =  

(6) Current GDP ot t otX w L=  pt t ptX w L=  t tX w L=  

(7) Current share of sectors x-curve: ot otx l=  pt ptx l=  1ot ptx x+ =  

(8) Tax pressure (see text) / ( ) / ( )t ot ot t t ot t otx X X w L w L lτ λ λ λ λ= + = + = + = +  

(9) Case of constant wage rises Wages are ,t
tw q= so that ( ) 1g w q= −  

 Illustration, used on graphs 1.02,q =  so that ( ) 0.02,g w =  wages grow at 2% p.a. 

Note:  Equation ( , )i j is in row i  and column a,b,c.j =  Thus equation (2b) is / .pt ptl L L=  From (3c) follow 

that: ( ) ( ).t tg z g w< The growth rate for e.g. tx  is written as  1 1( ) ( ) / .t t t tg x x x x− −= −  

                                                            
3. The model deals with permanent productivity differences. It is easy to think that public sector productivity is 
constant, but it might grow as well. In this case the private sector productivity grows is the excess growth.  
4. The inflation included is due to relative price changes, which have to be included. Inflation from other 
sources that hits both sectors proportionally can be added with no effect on the results.   
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3. Proving Baumol’s law 

First, (2c) 1,ot ptl l+ =  is used to eliminate otl from the productivity equation: 

(3c) 1 1 ( 1) .t ot t pt pt t pt t ptz l w l l w l w l= + = − + = + −  From this we calculate  

(10) 1 1 1 11

1 1 1 1 1

(1 ( 1) ) (1 ( 1) ( 1) ( 1)
( )

1 ( 1) 1 ( 1)
t pt t pt t pt t ptt t

t
t t pt t pt

w l w l w l w lz zg z
z w l w l

− − − −−

− − − − −

+ − − + − − − −−
= = =

+ − + −
 

After divisison with 1,tw −  (10) becomes:
1

1 1 1

1
1 1

1 11
( )

1 11

t
pt pt

t t t
t

pt
t t

w l l
w w w

g z
l

w w

−
− − −

−
− −

⎛ ⎞ ⎛ ⎞
− − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠=
⎛ ⎞

+ −⎜ ⎟
⎝ ⎠

 

For 
1

1, ,so 0.t
t

t w
w −

→∞ →∞ → 5 Thus: 
1

1

1 1 1

( ) 1

t
pt pt

ptt t
t

pt t pt

w l l lw wg z
l w l

−
−

− − −

−
→ = −  

This can only be constant if 1

1

.ptt

t pt

lw
w l

−

−

=  

As wt is rising, lpt must be falling. For the two-sector model above to have a steady state, it 

should have constant factor shares. Hence, there is no steady state. This proves Baumol’s law. 

Formally, the fall ceases when lpt is zero, but then there is no private sector. That is, lpt → 1, 

so that also 1 1.ot otl l− →  Thus, 1tz → throughout the economy.  

An alternative possibility is that lpt goes to 1, so that zt = wt already in equation (3a) and then 

most of the calculation becomes impossible. The model is in steady state from the start. 

Hence, even when ( ) ( ),t tg z g w<  for all t, it also holds that ( ) ( ),t tg z g w→  for .t →∞   

In the case of constant wage rises: ,t
tw q=  this is: 

(11) 
1

1
1

1

( 1) ( 1)
( )

1 ( 1)

t t
pt pt

t t
pt

q l q l
g z

q l

−
−

−
−

− − −
=

+ −
  

                                                            
5. Assuming that 1/t tw w −  stays finite. 
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As q is an index with base year 1, (i.e. for t = 1, 1 1 1q − = ), so 1( )g z  becomes 

(12) 1
1 1 1

1

( 1) (1 1)
( ) ( 1) ( )

1 (1 1)
pt pt

p p
pt

q l l
g z q l g w l

l
−

−

− − −
= = − =

+ −
  

( )tg z is thus a function that starts at 1( ) pg w l  for t = 0 and rises to ( )g w as .t →∞  
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4. Wages and prices 

In the model, inflation is the difference between wage and productivity rises (from (10)): 

(13a)  1 11

1 1 1

( 1) ( 1) nominator( ) ( )
1 ( 1) denominator

t pt pt ptt t
t t t

t t pt

w l w lw wg w g z
w w l

π − −−

− − −

− − −−
= − = − =

+ −
 

Nominator: ( )( ) ( )1 1 1 1 1 11 ( 1) ( 1) ( 1)t t t pt t t pt t ptw w w l w w l w l− − − − − −
⎡ ⎤ ⎡ ⎤− + − − − − − =⎣ ⎦ ⎣ ⎦  

2 2
1 1 1 1 1 1 1 1 1 1 1 1 1 1t t t pt t pt t t pt t pt t t pt t pt t pt t ptw w w l w l w w l w l w w l w l w l w l− − − − − − − − − − − − − −+ − − − + − + + − =

 

1 1 1 1 1 1t t t t pt t t pt t pt t ptw w w w l w w l w l w l− − − − − −− − + + − =  

1 1 1 1 1( ) ( )t t t t pt pt t pt t ptw w w w l l w l w l− − − − −− − + + −  

Denominator: 1 1 11 ( 1)t t ptw w l− − −⎡ ⎤+ −⎣ ⎦  

So the full expression for inflation is: 

(13b) 1 1 1 1 1

1 1 1

( ) ( )
1 ( 1)

t t t t pt pt t pt t pt
t

t t pt

w w w w l l w l w l
w w l

π − − − − −

− − −

− − + + −
=

⎡ ⎤+ −⎣ ⎦
 

In the long run, the nominator goes to zero and the denominator to infinity. This is easy to see 

by noting that 1,ptl →  and inserting 1 1,pt ptl l −= =  which reduces (13b) to: 

[ ]
1 1 1

2
1 1 1

( ) (1 1) ( ) 0 0.
1 1

t t t t t t
t

t t t

w w w w w w
w w w

π − − −

− − −

− − − − −
→ = =

− −
 This was already derived in Section 3.  

In the case where ,t
tw q=  (13b) becomes: 

(14) 
1 2 1 1

1 1
1 1

1

( ) ( ) ( )
1 ( 1)

t t t t t
pt pt pt pt

t t t
pt

q q q l l q l q l
q q l

π
− − −

− −

− −
−

− − − − −
=

⎡ ⎤+ −⎣ ⎦
, which after division in nominator 

and denominator by qt-1 becomes: 

 1 1 1
1 1

1 1

( 1) ( ) ( ) ( 1) ( 1) ( )
1 ( 1) 1 ( 1)

t t t
pt pt pt pt pt pt

t t
pt pt

q q l l ql l q q l q q l
q l q l

− − −
− −

− −

− − − − − − − − + −
=

+ − + −
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Equation (14) can be checked by inserting t = 1: 

(15) 1
1

1

( 1) ( 1) ( )
( 1)(1 ) ( )(1 ) ( ) .

1 (1 1)
pt pt

pt pt ot
pt

q q l q q l
q l g w l g w l

l
π −

−

− − − + −
= = − − = − =

+ −
 

This tallies perfectly with (12). 

Even when the expressions for productivity and inflation look a bit cumbersome, they are 

simple and make perfect sense at the two margins. Also, the paths of the variables between 

the two margins are smooth monotonous curves, which are easy to calculate when realistic 

values for the starting point and the parameters are chosen.  

This will be shown in the policy experiments. To allow the calculations of the paths, the 

experiments look at the case of constant private sector productivity and hence wage growth, 

i.e., ,t
tw q=  where the illustrations on Figures 1 and 2 assume that ( ) 0.02.g q =  
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5. Policy 1: A constant tax share, i.e., fixing current shares  

This policy promises that the tax share is fixed. Since the tax share is the sum of the shares of 

current public production and transfers, a fixed tax share amounts to fixing the two current 

sharesλ  and ,otx  so the x-curve and the λ -curve are both horizontal (and chosen to be the 

same). Shifts between the two current public shares are briefly discussed in Section 7. 

Equation (8) says that this means that ot ol l=  is constant, and, consequently, so is .pt pl l=  It 

follows that:  and .pt p ot oL L L L= =  

From equation (4a) ,  so .ot o ot oY L Y Y= =  The constant labor forces mean that (5a) gives: 

(16) 1 to o o o
ot t

t p pt p p

Y L L Ly z q
Y L z L L

− −= = = =  

Thus, the y-curve (the share of the public sector in real production) falls constantly. From the 

definition of inflation (13a) this causes inflation to fall gradually to zero. 

 

Figure 1. The path of the public sector with a constant tax pressure, 

i.e., a constant share of current public production: The x-curve is horizontal 
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What this version of a “constant” welfare state implies can be shown by a simple graph, 

where ( ) 0.02.g q =  The paths of the variables starts in a situation where, 0 0 25% .o oy x λ= = =  

That is, the shares of public production and transfers are both 25% of GDP. 6 This choice is 

made in order not to burden the graph with too many lines, but it is – of course – just a 

choice. By (8) the two choices mean that the fixed tax pressure is 50%. Figure 1 shows the 

path of the relevant shares. 

What does this mean? Let us imagine that the public sector is same number of teachers 

teaching the same number of children (constant as is the labor force) the same number of 

classes, etc. Then surely things are in balance. However, in order to be more productive, 

when the pupils leave the school, it must teach them better. That is, there must be produc-

tivity rises. If there are no productivity rises a problem occurs 

  

                                                            
6. The choices of the two shares are made to make the situation look a bit like the Danish in the first decade of 
the 21st century.  
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6.  Policy 2: A constant welfare state, i.e., fixing real shares  

This policy is a promise that the welfare state should be preserved in real terms. Conse-

quently, the policy sets /ot o py y y μ= =  constant (that is the y-curve is horizontal), so that 

also (1 )pt p o oy y y yμ= = − =  is constant, µ is the factor of proportionality: / .p oy yμ =   

As ot ot ot
o

t ot pt t ot pt t

Y L Ly
Y L L w L L q

= = =
+ +

 this means ( ) ,t
o ot pt oty L q L L+ = or ( )t

o ot pt oty l q l l+ =  

or ( (1 )t
o ot ot oty l q l l+ − =  so that: ( )t t

o p o otq y y q y l= +  and 

(17) 1
1

t
o

ot t t
p o

q yl
y q y qμ −= =
+ +

 

 

Figure 2. The path of the public sector when the welfare state is preserved  

i.e., a constant share of real public production: The y-curve is horizontal 
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As the denominator gets smaller and smaller, this indicates a steadily increasing labor share 

lot for the public sector. This causes the current share of the public sector – the x-curve – and 

public employment to rise all the time. 

Figure 2 – starting from the same proportions as figure 1 – shows what happens. This time 

the y-curve is horizontal and the x-curve goes up. The private sector share that is the distance 

between the x-curve and 100% is squeezed.  

This process cannot continue, but must stop at some limit (drawn at 65%). It is interesting to 

speculate about the location of this limit, but this is outside the model discussed.  

The model also provides an inflation rate: 

(18a) 1
1 1

1

( 1) ( ) .
( 1)

t t
ot ot

t t t
ot

q l q q l
q q l

π −
− −

−

− − −
=

− −
 If 1

1ot tl
qμ −=

+
 and 1 1

1
1ot tl

qμ− − +=
+

 is inserted, it is: 

11

1 1 1 1 1
1

1

1
( 1)(1 ) ( )(1 ) nominator1 1 .

1 (1 )(1 ) ( 1)(1 ) denominator
1

t t

t t t tt t

t t t t t t t
t

t

q q q
q q q q qq q

q q q q q qq
q

μ μμ μπ
μ μ μ

μ

− + −− − +

− − − + − − − +
−

− +

− −
−

− + − − ++ += = =
− + + − − +−

+
The nominator is: 

 1 1 1( 1)(1 ) ( )(1 ) 1t t t t t t t tq q q q q q q q q q qμ μ μ μ μ μ− + − − + − +− + − − + = − + − + + − + =  

 1 ( 1)(1 )q q qμ μ μ− + − = − +  

The denominator is: 

 1 1 1 1(1 )(1 ) ( 1)(1 )t t t t tq q q q qμ μ μ− − + − − − ++ + − − + =  

( )( ) ( )( )1 1 1 1 1 2 11 1t t t t t t t t tq q q q q q q q qμ μ μ μ μ μ μ μ− − − − − − + − − − ++ + + − + + − = + + + =  

( ) ( ) ( )( )1 11 1 11 111t t tq qq q qμ μμ μ μ− + − + − +− −+ = ++ + +  

So the rate of inflation becomes: 

(18b) 
( )( ) 11 11

( 1)(1 ) 1 1( )
111 1 ttt

q g q
qq qq

μπ
μ μμ

μ
μ − − +− − +

⎧ ⎫− + +
= = ⎨ ⎬++ ⎩ ⎭ ++
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 For t →∞  it becomes 1

1( ) ( )
1t g q g q

q
μπ

μ −

⎧ ⎫+
→ ≈⎨ ⎬+⎩ ⎭

 

The interpretation of the small adjustment term in the {}-bracket becomes clear if the same 

derivation is done using the prices of the end period in the denominator: 

(19) 1
1

( 1) ( ) 1ˆ ( ) ( ) for .
( 1) 1

t t
ot ot

t t t
t ot

q l q q l g q g q t
q q l q

π
μ

−
− +

− − −
= = → →∞

− − +
 

Inflation converges to the growth rate of wages, as it must, when the real public sector comes 

to dominate.  
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7. The transfers sector: Normal case and bureaucratic capture 

Till now the analysis has assumed that the share of transfers is constant. The working 

population, L, is constant, and so is the number of transfer recipients, N. Consequently, the 

ratio N/L = n is fixed too. Assume that n ≈ 0.5.7 Aggregate transfer payments are defined as, 

,t t NυΛ =  where υt is the public pension rate.  

The transfer implication of both Policy 1 and Policy 2 is: .t twυ θ=  That is, it is assumed to 

be a constant fraction of the wage rate. Consequently, the share of transfers is: 

(20) .t t
t

t t

N n
X w L

υλ θΛ
= = =  It is constant and implies: θ = λ/n.  

Hence, the λ-curve is horizontal (both in current and real prices), as drawn on Figures 1 and 

2, if θ = λ/n. If realistic orders of magnitude, such as λ ≈ 0.25 and n ≈ 0.5, are inserted in 

equation (20), it gives θ ≈ 0.5. As λ is a linear function of θ, with a slope of 1/n ≈ 2, λ is quite 

sensitive to θ. The analysis of Policy 1 and 2 in sections 5 and 6 thus assume that a fixed θ is 

chosen – then everything is as discussed. This completes the normal case. 

However, as Policy 2 leads to a pressure on the tax limit, something has to give in. Assume 

that Policy 2 is captured by the bureaucracy, which reinterprets it to mean that the raise of 

current share of public production increases, yot, should be fixed as long as possible. That is, 

the x-curve from Figure 2 becomes the fixed public policy. From Figure 2 it can be seen how 

the private sector is squeezed. With bureaucratic capture transfers are squeezed as well, to get 

a negatively sloping λ-curve that reduces the rise of the tax share. 

From equation (20) follows that the condition for squeezing the share of transfers is that tθ  is 

falling, so that pensions fall relatively to wages. Politically this is difficult to accomplice; but 

it is possible to think of many rules that produce this outcome. The results for the rest of the 

model are rather easy to imagine, so two cases only will be drawn: (i) an extreme squeeze and 

(ii) one moderate squeeze. 

                                                            
7. Imagine a perfectly rectangular population pyramid, where people live to 80, and move out of parental care at 
the age of 20. That gives a potential labor life of 60 years. If people start to work at 23 and retire at 67, they are 
outside the labor force 16 of the 60 years. Natural unemployment, illness, maternity leave etc, adds 10% of the 
remaining years 44 years. Thus, people receive pensions 20 of the 60 years. The transfer burden is n = N/L = 
20/40 = 0.5. Assume that the transfers to people above 23 is 60% of wages, while it is only 20% for people 
under 24, then the average is close to 50%.  
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Figure 3. As Figure 2, with squeezed transfers: Two cases 

 

 

 

 

 

 

 

 

 

 

 

(i) The most radical squeeze is to reduce λ corresponding to the rise in xot. On Figure 2 it is 

drawn as the λ1-line that permits the tax share τ1 to be horizontal as long as there are still 

transfers. They are exhausted after 55 years, and then the τ1-curve follows the x-curve. It 

intersects with the tax-limit after about 85 years.  

All moderate squeezes give λ-curves between the vertical one that follows the y-line and the 

λ1-line. They give tax share lines between the “Old τ” (from Figure 2), and the extreme 

1 1t t otxτ λ= +  tax pressure drawn as the τ1-curve. One such possibility is: 

(ii) The λ2-line, which gives the tax pressure line τ2. It is linear and falls from 25% to 10% 

over the 100 years. This squeeze delays the intersection with the tax limit by app 10 years. 

It is easy to propose various policies that generate falling λ-paths looking like the λ2-line. All 

such paths’ have to set the pension υt on a path that rises slower than wt. One such policy is to 

keep the real υt pension rate constant. Here the λ-line looks as the y-curve on Figure 1. 

Another possibility is to set the pensions ,t tzυ θ=  which is the rate of productivity rises in 

the economy. This gives a λ-line close to λ2.  
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8. Discussion: Myopia, good and bad luck 

The analysis in the paper deals with a simple two sector model, which is in perfectly balance, 

if the two sectors grow at the same rate. However, as the public sector has lower productivity 

growth than the private one, no steady state growth is possible. This is shown in general, and 

in two policy cases, where the government adopts a policy fixing a major ratio. A Baumol-

problem occurs in both policy cases.  

The problem is only in the order of 7-10% of GDP in a 20-years perspective. Within one 

election period, it is just 1-2% of GDP. So, it is small and easy to neglect – also, it is difficult 

to explain to people and to busy policy makers. One of the most well established results in 

modern political economy is that political processes enforces myopia on the decision making 

process. Consequently this theory predicts that Baumol’s law is ignored by the political 

decision process, as is indeed the case. But still, it never stops growing. 

The problem can be delayed in several ways: (a) The most obvious is to try to increase 

productivity in the public sector, i.e., by privatization and outsourcing. (b) It also helps to run 

a public sector surplus that tilts the tax pressure curve to a lower slope, by increasing taxes 

now and permitting lower taxes later.   

Furthermore, luck in the form of good, but transitory events, may occur. (c) Unemployment 

may fall below its natural level reducing public expenditures and increasing the tax base. (d) 

Variations in the population age structure may cause the dependency ratio to fall below its 

long-run value. (e) Conditions may allow a relative reduction in public sector wages. 

When luck runs out the problem returns with a vengeance: (c) Unemployment rises above its 

natural level; (d) the dependency ration rises above its long run-value; and (e) the public 

sector wage arrears leads to strikes and compensations. 

Consequently, Baumol’s law will turn up in one period as one concrete problem and in 

another period as another problem. It will then be ascribed to the concrete problem. This 

blurs the underlying “creeping” character of the fundamental Baumol-problem: The welfare 

state has no steady state. 

  



16 
 

Acknowledgement: I am grateful to Laurent Callot for research assistance. 

 

References:  

Baumol, W.J., 1967. Macroeconomics of Unbalanced Growth: An Anatomy of Urban Crisis. American 

Economic Review 57, 415-26 

Baumol, W.J., 1986. Productivity growth, convergence, and welfare: What the long-run data show. American 

Economic Review 76, 1072-85 

Paldam, M., Zeuthen, H.E., 1988. The Expansion of the Public Sector in Denmark - a Post Festum? Cpt. 8 pp 

157-186 in Lybeck, J., Henrekson, M., eds., The Expansion of the Public Sectors in the West. North-

Holland, Amsterdam 

Paldam, M., 2007. Grænserne mellem den offentlige og private sektor - vil kommunalreformen rykke dem? 

Samfundsøkonomen december 2006, 16-19 

 

 


